SOME COMPLETELY MONOTONIC FUNCTIONS INVOLVING 
THE g-TRI-GAMMA AND g-TETRA-GAMMA FUNCTIONS 
WITH APPLICATIONS 



FENG QI 



Abstract. Let ip q (x) for q > stand for the g-psi or g-di-gamma function, 
the g-analogue of the psi or di-gamma function ip(x) = ipi(x). In the pa- 
per, the author proves that the functions [^' (a;)] + ipp{x) for p > 1 and 
[^' q (x) — lnq] 2 + tf>q(x) for < q < 1 are completely monotonic with respect 
to x 6 (0, oo). As applications of these results, the author further estab- 
lishes monotonic properties of four functions involving the q-di-gamma func- 
tion ip q (x) and two double inequalities for bounding the <jr-di-gamma function 
1pq(x). 



1. Introduction 

1.1. Recall from [20, Chapter XIII] and [31, Chapter IV] that a function / is said 
to be completely monotonic on an interval I if / has derivatives of all orders on / 
and 

0< (-l) n f (n \x) < oo (1.1) 

for x £ I and n > 0. 

The famous Bernstein- Widder Theorem ([31, p. 161, Theorem 12b]) states that 
a necessary and sufficient condition that f(x) should be completely monotonic for 
< x < oo is that 

/•OO 

/(*)= / e-**dM(t), (1.2) 



Jo 

where n(t) is non-decreasing and the integral converges for < x < oo. This says 
that a completely monotonic function f(x) on (0, oo) is a Laplace transform of the 
measure a(t). 

For more information about properties and applications of completely monotonic 
functions, please refer to [20, Chapter XIII], [31, Chapter IV], and closely related 
references therein. 

1.2. It is well-known that the classical Euler gamma function T(x) is defined by 

poo 

T(x) = / f- 1 e- t dt, x>0. (1.3) 



n 



The logarithmic derivative of T(x), denoted by ip(x) = j^j , is called psi or 
di-gamma function, and the derivatives ip^{x) for i € N are respectively called 
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(1.5) 



polygamma functions. Particularly, the functions ip'(x) and ip"(x) are respectively 
called tri- and tctra-gamma functions, sec [1, p. 260] and [10, p. 71]. 
In [2, p. 208, (4.39)], it was established that 

m X )? + ^)> 900 Jt: ] +1)W , *>o, (i.4) 

where 

p(x) = 75a; 10 + 900a; 9 + 4840a; 8 + 15370a; 7 + 31865a; 6 + 45050a; 5 
+ 44101a; 4 + 29700a; 3 + 13290a; 2 + 3600a; + 450. 
In [32, Theorem 1] and [33, Theorem 2], the functions 

iS^iJ-{WWl' +*•(*)>• <"» 

WVt + m-iS^TV (L7) 

and 

WWl'+^W- aJgi.)- ("> 

are respectively proved to be completely monotonic on (0, oo). From this, we derive 

f a; 2 + 12 p(x) 1 , l2 , ,„, , a; + 12 

max<^ t- — , f+- — — - ^ < W(x)Y + ib "(x) < j-, r (1-9) 

\l2a; 4 (a; + l) 2 '900x 4 (x + l) 10 J w V n VK> 12a; 4 (a; + l) 1 ; 

for x > 0, where p(x) is defined by (1.5). In [13], the function (1.8) was further 
studied by introducing the notion "completely monotonic degree" . 
In [23], it was proved that the function 

is completely monotonic on (0, oo) if and only if A < 0, so is its negative if and only 
if A > 4. Consequently, the double inequality (1.9) was sharpened and refined as 

a; 2 + ^ia; + 12 2 a; 2 + vx + 12 

UxHxTW < mx)] + V{x) < T2xHxTW (L10) 

on (0, oo) if and only if /x < and v > 4. 
It is clear that the inequality 

ib"(x) + W{x)] 2 > 0, x > (1.11) 

is a weakened version of the inequality (1.4) and the left-hand side inequalities 
in (1.9) and (1.10). This inequality was deduced or recovered in [7, Theorem 2.1] 
and [9, Lemma 1.1], employed in [4, Theorem 4.3], [7, Theorem 2.1], [9, Theo- 
rem 2.1], [19] and [28, Theorem 2], and generalized in [8, Lemma 1.2 and Re- 
mark 1.3]. It was remarked in [29] that a divided difference version of the inequal- 
ity (1.11) was implicitly obtained in [18]. 

In [12, 16, 25, 26, 27], among other things, the inequality (1.11) was generalized 
to the complete monotonicity of the function ip"(x) + [^'(a;)] 2 and closely related 
ones. 

Recently, some other results in this field were published in [24, 30] and closely 
related references therein. 
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1.3. Recall from [5, pp. 493-496] that the (/-gamma function, the g-analogue of 
the gamma function T(x), is defined for x > by 



r,(x) = { 



{q-iy~" q 

lr(x), 

It has the following basic property 



OO 1 _ 

4=0 1 - q + 

, x s oo 1 _ «-(*+!) 

-n 1 -^) n — — 



-(i+x) : 



< q < 1, 

«> 1, 
«=1- 



(1.12) 



r,(a;) = gC^IV,^). 



(1.13) 



The g-psi or q-di-gamma function ip q (x), the g-analogue of the psi or di-gamma 
function ip(x), is defined for q > and x > by 



^(x) = <{ r 9 (x)- 



q=l. 



(1.14) 



Furthermore, the functions ip q k \x) for fe e N, the g-analogues of the polygamma 
functions ip^ k \x), are called g-polygamma functions. In particular, the functions 
ip' q (x) and ij)q{x) are called q-tri- and g-tetra-gamma functions. 
From (1.12), we obtain for x G (0, oo) that 



^ 9 ( a; ) = -ln(l-g) + (ln g )^ r 



~.k-\-x 



k=0 



= -ln(l-g) + (ln g )^^- T , < 9 < 1 



(1.15) 



and 



V-,(a;) = -ln( g -l) + (ln g ) 



■ln(g-l) + (lng) 



fe=i 



a; > 

2 f-f 1 - 

2=0 



-(i+x) 



-(i+x) 



- - V — 
2 ^ 1 



(1.16) 



«>1. 



In [4, pp. 80-81, Lemma 4.6], the inequality (1.11) was generalized as 

[V/(z)] 2 +<Or)>0 



(1.17) 



for q > 1 and x > 0. Applying this inequality, the following conclusion was estab- 
lished in [4, p. 82, Theorem 4.8]: For q > 1 and < a < b < oo, we have 

exp{a[e*«(*> {^ q {x) - l) + l] } < < exp{/3[e^ (^(z) - l) + l] } (1.18) 



on (a,b), with the best possible constant factors 

(r> q (b), if&<oo 



a = 



0. 



if b = oo 



(1.19) 



4 



F. QI 



Qq(x) 



and j3 = Q q (a), where Xo = xo{q) is the unique positive zero of the function ?p q for 
< q ^ 1, and 

{ \nT q (x) -lnr g (x ) 
[^)-l]e^) + l' (L2Q) 

For more information on the subject of q-gamma and g-polygamma functions, 
please refer to [6, 17, 21, 22] and closely related references therein. 

1.4. The first aim of this paper is to extend and generalize the inequality (1.17) 
to the following completely monotonic property. 

Theorem 1. For q > 1, the function 

[<(x)] 2 +<(x) (1.21) 

is completely monotonic with respect to x e (0,oo). 
For < q < 1, the function 

[^ q (x)-\nq} 2 +V» (1.22) 

is completely monotonic with respect to x E (0,oo). 

1.5. The second aim of this paper is to apply Theorem 1 to establish the following 
monotonicity and inequality results. 

Theorem 2. The functions 

(\nq)q x 



4> q (x) 

ip q (x) 

e q (x) 



ip q (x) +ln exp-^ _ . 
^{x)+ln(e 1 / x - 1), 

ip q (x) +ln^exp ^ ng 1 
>(x) + \n(e 1 ' x - 1), 



i() q (x) — (lnq)x + In exp ■ 
^{x)+ln(e 1 / x - 1), 

ip q (x) — (In <7)x + In ^cxp 
^{x)+ln(e 1 / x - 1), 



(In q)q x 



In q 



<?>1 




9=1 




q > 1 




5 = 1 






, < g < 1 
5 = 1, 


H 


, < <? < 1 
9=1 



(1.23) 
(1.24) 
(1.25) 
(1.26) 



are strictly increasing on (0, oo). Consequently, we obtain the following inequalities: 

(1) The double inequality 

a - \n(e 1/x - 1) < ip{x) <b- ln(e 1/x - l) (1.27) 

holds on (0, oo) if and only if a < —7 and b > 0, where 7 = 0.577 • • • stands 
for Euler-Mascheroni's constant. 

(2) For < q < 1, t/ie double inequality 

{\nq)q x 



V> 9 (1) + (lng)x - In 



exp ■ 



< In 2_ + (l n q} x _ l n 



exp 



(lng)^ 



- 1 



(1.28) 
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holds on (0, oo), where the constants ip q (l) andln(-^j) are the best possible. 
(3) For q > 1, the double inequality 

ip q (l) - \nq - In ^cxp - - 1^ < ip q (x) 

lng In a , / Inn \ , 
<ln^-^-m(exp^ T -lj (1.29) 

holds on (0, oo), where the scalars tp q (l) — lng and In — ^ are the best 
possible. 

2. Proofs of Theorem 1 
Now we supply two proofs of Theorem 1. 
2.1. First proof of Theorem 1. 

2.1.1. For q = 1, the function 

[<(*)] 2 [^'(x)] 2 + ^"(x), x>0 

has been proved to be completely monotonic in [12, 16, 25, 26, 27] and closely-related 
references therein, as mentioned in the final paragraph of Section 1.2. 

2.1.2. For q > 1, using the second line in (1.16) gives 

[ ^ (a £ t5 (a ° = 1 + EI> to («. *)-!>- 2 ) c *to 

^ ^ i=2 j=l i=l 

where 

Ci(g,a;) - ^g > 0. 

1 — q % 

In order to prove the complete monotonicity of the function (1.21), it suffices to 
show 

u d k { W n {x)\ 2 +tp"(x) ) 

'-"'5?{ 1V (i M /' } a0 - k> -°- < 2 - 2) 

For k = 0, the inequality (2.2) is equivalent to (1.17). For fc > 1, it is equivalent to 
(-1)* £ E > (-D fc f> - 2)^|^1. (2.3) 



i=2 j=l 

In order to prove (2.3), it suffices to verify 

( l) fc V fl fc [Cj(g.s)Ci-j(g,3Q] > / 1) fc/ j o ^ fc [Ci(g^)] - >3 
^ > Z^i Q x k — j <9a: fc ' ~ ' 

that is, 

>(-i)*(i-2)LiL_L_^L_£ , *> 3 , 
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which can be further simplified as 



i-l 



Since 



we have 



V < £ = 2)1 t >3 (2 4) 

j)(g i-J ' -g J ) n 

^ (Q j 1) ' 

^(qj -l)(qi-J -1) q j_i ■ ^-°) 

The inequality 

2 °° A- - 1 

e7 + 1 --( P 7-l)=^ I ^ TTyy r fe >0, r=jln g >0 

implies that 

j(q J + 1) > J_ 

qi — 1 In g ' 

This leads to 

y ^-i)(g 3 ' + l) 2 ^ = »(i - 1) ^ i(i - 2) 

^ qi-l lnq^} 3 ' Inq Inq 

Substituting this inequality into (2.5) yields 

^ - l)(g*-J - 1) In g 

which is equivalent to the strict inequality in (2.4). Thus, the required result (2.3) 
is proved. In a word, the function (1.21) is completely monotonic for q > 1 on 
(0,oo). 

2.1.3. For < q < 1, taking the logarithm and differentiating on both sides 
of (1.13) reveal 

]nT q (x) = (]nq)( X ~ ^ +]nT 1/q (x), (2.7) 

V,(aO = Ong)(a;-!)+Vi/,(aO, ( 2 -8) 
^(x)=\nq + ^' 1/q (x), (2.9) 
^ fe ) (a;)=V ,W (a;); fc > 2 . (2.10) 

Therefore, when < q < 1, we have 

M/^)] 2 + ^%(*) - K(^) -\nq] 2 + <(*) 

on (0, oo). As a result, the function (1.22) is completely monotonic for < q < 1 
on (0, oo). The first proof of Theorem 1 is complete. 
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2.2. Second proof of Theorem 1. By the noted Bernstein- Widdcr Theorem 
([31, p. 161, Theorem 12b]) mentioned in Section 1.1, it is sufficient to write the 
function (1.21) as a Laplace transform of a measure \i and then verify that the 
measure is positive. In fact, after some elementary computations necessary for 
rewriting the expression 

[^(x)] 2 +^'(x) 



(In qf 

by virtue of the Stieltjes integral representation 

-xt 



(2.11) 



(•oo —xt 

i, q {x) = -\n{l-q)- -d lq {t) (2.12) 

Jo i — e 

for < q < 1 and x > 0, which was established in [17], where 

oo 

j q {t) = -lnqJ2^(t + kinq), (2.13) 



fe=i 

the measure is found to be 



1 - q 1 



+ (m 9 ) 2 £ 



i=1 



_ fi _ 2) 

(l-g-<)(l-gJ-i) V 'l-<T< 



<J(ilng). (2.14) 



The computation in Section 2.1.2 shows that this is a positive measure. The second 
proof of Theorem 1 is sketched. 

3. Proof of Theorem 2 

3.1. For q = 1, the increasingly monotonicity of the function 

tp(x)+ln(e 1 / x -1) (3.1) 

on (0, oo) was proved in [3, pp. 387-388] and [15, 19] respectively by different 
approaches. 

3.2. In [14, p. 1245, Theorem 4.4], it was deduced that 

^ fc - 1) (^ + l)-^ 1) ^)--(ln?)-^r( T ^), 0<g<l, keN. (3.2) 
Substituting (2.9) and (2.10) into (3.2), we easily procure that 



for < q < 1, fc > 2, and x > 0. Replacing q by Mn above identity leads to 



uy 1 " 

i fc-1 



<- 1) (^ + l)-^r i) W = (ln<z)-^ I 7r T (-^ T ), «>1, fc>2. (3.3) 



Similarly, combining (2.8) with (3.2), we obtain 



^(x+l)-^( a ;) = %^, <z>l, x>0. (3.4) 
g x — 1 
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For < q ^ 1, we have 

exp[4> q (x)\ = exp[ip q (x)} 



exp ■ 



(In q)q x 



exp 



^ q {x) + — - 

q x — 1 



- exp[^ 9 (a;)] 



= exp[V> 9 (x + 1)] - exp[V> 9 (x)], 

where the equality in the final line is obtained by using (3.2) and (3.4). Further 
differentiating gives 



dcxp[0 9 (x)] 

-j^j — iy q \^ T i-) cAp|if- g ^ -r j-yj — <y q \* i > - j ., . ; 

d{^(x) exp[-0 g (x)]} 
dx 



= i>' q {x + 1) cxp[-0 g (x + 1)] - tp' q (x) exp[V> 9 (z) 
= {<(x) + [^(a;)] 2 }exp[^(x)]. 



The complete monotonicity of the function (1.21) in Theorem 1 implies the pos- 
itivity of the function (1.21) for q > 1 on (0,oo), that is, the inequality (1.17). 
Hence, the function ip' q (x) exp[ip q (x)} is increasing, and so dc *Pfo(*>l > for 9 > 1 
on (0, oo). As a result, the function exp[<j) q (x)}, and thus 4> q (x), is increasing for 
q > 1 on (0, oo). 

For < q ^ 1, we also have 



cxp[$ 9 (x)] = exp[^ g (x) - (lnq)x] 



exp 



(In q)q z 



exp 



1 



exp[^> 9 (x) - (lng)x] 



= exp[V> 9 (x + 1) - (lng)x] - exp[7/> g (x) - (lng)x], 

where the equality in the final line is deduced by using (3.2) and (3.4). Further 
computation gives 



dexp[$ g (x)] 
dx 



[iP' q {x + 1) - lng] exp[^ q (x + 1) - (lnq)x\ 
- W q i x ) - l n <?] cxp[^g(x) - (\nq)x] 



and 

&{Wq{x) ~ exp[-0 g (x) - (lng)x]} 



dx 



= «(x) + [^(x) -lng] 2 }cxp[^(x) - (Ing)x]. 



The complete monotonicity of the function (1.22) in Theorem 1 implies the posi- 
tivity of the function (1.22) for < q < 1 on (0, oo). Hence, the function 

{W q {x) -Ing] exp[^ 9 (x) - (lng)x]} 

is increasing, and so dcx Pj^g( x )l > o for < q < 1 on (0, oo). As a result, the 
function cxp[$ g (x)], and thus $ 9 (x), is increasing for < q < 1 on (0,oo). 



COMPLETE MONOTONICITY OF q-POLYGAMMA FUNCTIONS 



9 



For < q < 1, utilizing (2.8) yields 



<& q (x) = (Inq) x- - +ip 1/q (x) - (]nq)x + ]n 



(In q)q x 

ex P —x — r ~ 1 

g x - 1 



= ipi/q(x) +ln 



(lng)^ 

cxp — : 1 



exp 



q x - 1 
ln(l/g) 

[1/qY - 



In g 



(3.5) 



+ 2 ln (i/<z)- 



Replacing | by g in above equation leads to the increasingly monotonicity of the 
function <p q (x) for q > 1 on (0, oo). 
For q > 1, employing (2.8) gives 



</> g (x) = Vi/ g (z) - In - x - - + In 



(lng^ 

cxp — : 1 



q x - 1 



= i>i/q(x) - ( In - )x + ln 



3 , 1 
+ - In-. 

2 g 



(3.6) 



Substituting | by g in above equation reduces to the increasingly monotonicity of 
the function 9 (x) for < q < 1 on (0, oo). 



3.3. The double inequality (1.27) was sharpened in [8, Theorem 2.8]. It can also 
be derived from the increasing monotonicity of the function (3.1) on (0, oo) and the 
limits 

(3.7) 
(3.8) 



lim [ip(x) +\n(e 1 / x - l)] = -7 



c-vO+ 



and 



lim [V-(x) + ln(e^ x - l)] = 0. 



For details about calculating these two limits, please refer to [15, Theorem 1]. 
From (1.15), it is easy to see that 

lim V g (z) = -In(l-«), g 6(0,1). (3.9) 

x— >oo 



In addition, for q e (0, 1), we have 
(lnq)q x 



lim <, In 

x— > 00 



cxp ■ 



1 



(lng)xj =] 



lim In 



exp 



Qnq)q* 



ln^ln^V 



Combining them with the increasing monotonicity of $ g (x) , wc acquire 



ip q (x) - (lng)x + In 



exp 



(lng)g 3: 
q x - 1 



1 



< ln( In - ] - ln(l - q) = In 



lng 

g - T 



for g G (0,1) on (0,oo), which is equivalent to the right-hand side inequality 
in (1.28). 

From (3.2) for k = 1 and the limit 



lim tp q (x) = — 00 

x->-0+ 



(3.10) 
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for < q < 1, we obtain 
(lnq)q x 



ip q (x) + In 



exp 



q x - 1 



lnexp[-0 g (x)] + In 



= In 

= '»{ 



cxp ■ 



(ln<?)<f 



cxp 

- 1 



(In _ 

q x - 1 

exp[ip q (x)} 



exp 



(ln?)? x i i \ 



- exp[V> 9 (x) 



(3-11) 



= ln{exp[V> 9 (x + 1)] - exp[V> 9 (x)]} 

as x — > + , so lim x _ >0 + ^q( x ) — V'g(l) f°r < g < 1. Combining this with the 
increasing monotonicity of <& 9 (x), we acquire $ 9 (x) > ^ 9 (1) for < g < 1 on 
(0, oo), that is, 

(lng)g x 



V> 9 (x) - (lng)x + In 



exp ■ 



1 



> ip q (l), < q < 1, X G (0, oo). 



g-" - 1 

The required inequality in the left-hand side of (1.28) is proved. 
For < q < 1, by using (3.2) for k = 1, we have 



6 g (x) = V'g (x) + 



(lng^ (lng)g 1 



V> g (x + l) + ln 



1 g 3 ' 1 
exp[lng/(g*-l)]-l 



(In q)x + In I exp 



lng 



(3.12) 



as x 



9V ~ ' ^' ' g^exp^lng^/^ - 1)] 

-> Vq(l)-lng 

+ . Since g (x) is strictly increasing on (0, oo), it follows that 

V> g (x) - (lng)x + ln (cxp - 1^ > V<?(1) -hig 

for < g < 1 on (0, oo), which is included in the left-hand side inequality in (1.28). 
For q > 1, by a similar argument as in (3.12), we have 

»(») - * ( , + 1) + - ^(.) - 

as i-> + . Furthermore, from (2.8) and (3.9), it follows that 

lng 



<P q {x) = ipi/,(x) + (lng) x - - +ln exp 



3 lng 



1 



= In 



as x — > oo. Hence, we have 



In g In g 
2~ 



-fin 
3 lng 



cxp ■ 



lng 



+ ln(lng) 



. / 1 \ i , \ , hig lng 

ip q (l) - lng < ip q (x) < In — - - — 

for g > 1 on (0, oo). The required double inequality (1.29) is proved. 
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For q > 1, the limits (3.10) and (3.11) are still valid, then lim x _ > . + <p q (x) = ip q (l) 
for q > 1, and so 4> q (x) > tp q (l) which is contained in the left-hand side inequality 
in (1.29). The proof of Theorem 2 is complete. 

4. Remarks 

Finally we remark something else. 

Remark 1. From Theorem 1, as in the proof of Theorem 2, it is obtained that the 
functions 

^(x)e^ (x) , q>l (4.1) 

and 

[V/ (x) - ln^e^^"^ 9 ^, < q < 1 (4.2) 

are strictly increasing on (0, oo). 

In [9, Lemma 1.2] and [11, pp. 241-242], it was obtained that the function 
ip'{x)e^^ is strictly increasing and less than 1 on (0,oo). So we naturally ask a 
question: Can one bound the functions (4.1) and (4.2) for < q ^ 1? 

Remark 2. The formulas (3.2), (3.3), and (3.4) together are g-analogues of the 
recursion formula 

^ n ~ l \x + 1) = V (n_1) (a;) + (-l)"- l (n ~ w 1)! (4.3) 

for n G N on (0,oo), see [1, pp. 258 and 260, 6.3.5 and 6.4.6]. 

Moreover, it is easy to see that for x > the g-analogue of the recursion formula 

T(x + 1) = a;r(a;) (4.4) 

is 

r q (x + l) = ^f-T q (x), q^l. (4.5) 

Remark 3. We remark that the recursion formulas (3.2), (3.3), and (3.4) may be 
used to provide an alternative proof of the complete monotonicity of the func- 
tions (1.21) and (1.22) along with the similar way as in [12, 25, 26, 27, 32, 33] 
and closely related references therein. We will carry out this work in a subsequent 
paper. 

Remark 4. As q — > 1~ or q — > 1 + , the double inequalities (1.28) and (1-29) be- 
come (1-27), so Theorem 2 generalizes some results obtained in [3, 8, 15, 19] and 
closely related references therein to g-analogues. 

Remark 5. The strict concavity of the function (3.1) was presented and generalized 
in [15]. So we conjecture that the four functions (j) q (x), <p q (x), & q (x), and @ q (x) in 
Theorem 2 may also be strictly concave on (0, oo). 
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